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Abstract 


Shared  variance  can  be  expressed  graphically  by 
overlapping  circles.  A  procedure  Is  presented  for 
locating  the  circles  so  that  tie  graphical  and  statistical 
relations  correspond  exsctly.  The  procedure  Is  extended 
to  represent  part  and  partial  correlations  between  three 


variables. 
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The  widespread  availability  of  cosputaifanal  graphics 
for  personal  cooputers  has  greatly  Increased  the  potential 
for  visual  displays  of  data.  The  display  of  pairwise 
correlations  between  two  and  three  variables  Is  of  special 
interest  to  psychologists.  To  Motivate  the  subsequent 
2 e v 1 1  c pa e n t  ,  consider  a  case  that  arose  in  our  own 
laboratory.  College  students  participated  in  three  tasks, 
an  auditory  dichotic  listening  task,  a  visual  scanning 
task,  and  an  arithaellc  task.  The  correlations  between 


tnn  tasks  were 


(auditory,  visual  )  s  .42 
(auditory,  arlthuentic)  s  .47 
(visual,  arithmetic)  =  .30 


Our  Interest  was  In  the  extent  to  which  variance  was 
shared  between  pairs  of  tasks,  with  sore  portion  of  the 

'■V' 

variancc  In  the  third  task  "held  constant".  Part  and 
partial  correlations  ray  be  used  to  express  the 
statistical  relations.  However  this  si  e  t  hod  of 
suDoarizalion  was  not  appropriate  for  verbal  presentations 
of  our  results,  especially  to  audiences  who  were  not 
faulliar  with  advanced  oethods  of  correlational  analysis. 
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An  alternative  to  the  statistical  summary  i3  to  use  a 
visual  display,  in  which  the  variance  of  each  variable  is 
represented  by  a  circle.  Shared  variance  13  represented 
by  the  overlap  between  two  circles.  If  three  variables 
are  represented  the  resulting  figure  is  called  a 

ballantlne.  .  Several  authors  have  advocated  their  use  to 

'  V, 

represent  covariation  in  three  variable  problems  (e.g. 
Cohen  and  Cohen,  1975).  --^The  ballantlne  is  a  useful 
display  of  shared  and  unique  variance  because  each 
component  of  variance  can  be  identified  visually  in  the 
geometric  form.  This  can  be  seen  in  Figure  1,  which  i 3  a 
ballantlne  representation  of  our  data.  The  various  part 
and  partial  correlations  can  be  expressed  in  terms  of  the 
regions  of  overlap  (a  ,  ,a  ,  a  ^,and  a  ^  )  shown  In  the 
figure. 


\ 


Figure  1  here 


Obviously,  ballantines  are  generated  from  simpler 
"two  circle"  figures  that  represent  the 

variance-covariance  relations  between  two  variables,  X  and 
Y.  This  Is  shown  in  Figure  2.  If  representations  such  as 
Figures  1  and  2  are  to  portray  data  accurately  the 
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preparation  of  a  circle's  area  lying  In  the  Intersection 
region  (Region  A  In  Figure  2)  should  be  exactly  equal  to 
,  the  squared  correlation  between  the  appropriate 
variables.  In  fact,  the  ballantlne  of  Figure  1  does 
fulfill  this  condition  for  our  data.  Figure  2  exactly 
represents  the  correlation  between  the  auditory  and  visual 
detection  treasures.  The  purpose  of  this  note  is  to 
explain  how  such  figures  aay  be  constructed. 


Figure  2  here 


Ihs_.Underlylnf-.£-£sa£trJLS  Re  la  Liana. 

Let  the  circles  X,Y,  and  1  stand  for  the  variances  of 
three  variables,  x,y,  and  z .  Let  the  circles  have  a 
constant  radius,  R.  This  "visually  standardizes"  the 
variables  by  representing  Var  (x),  Var  (y)  and  Var  (z)  by 
circles  with  area  .  Two  circles  X,  Y  are  said  to 

be  placed  correctly  with  respect  to  each  other  if  and  only 
If  the  overlapping  area  contains  the  proportion  of  each 
circle  equal  to  the  squared  correlation  coefficient.  In 
the  case  of  Figure  1,  area  JL  la  equal  to 
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Th  •  area  of  lntaraection  of  circles  l  and  T,  to  t  h  of 
radius  8,  la  deternlned  by  tha  length  of  line  L  between 
the  center  of  circle  I  (Cj)  and  the  center  of  the  circle  I 
(Cu),  l.e.  by  1^/8.  Thla  la  ahown  In  Figure  ]. 

Therefore,  for  flved  C^,  C^nay  be  located  anywhere  on  the 
circle  of  radlua  centered  on  C ^  .  If  we  adopt  tne 
conventions  that  L-,.  be  horizontal  and  that  V  always  lies 
tc  tbe  left  of  y,  the  locus  of  circle  T  is  thus  deterclned 
once  X  la  located  and  L ^ 1  a  determined. 


Figure  3  her e 


Tbe  position  of  tbe  third  circle  of  a  ballantlne  can 
be  determined  In  a  similar  way.  The  center  of  circle  Z 
(representing  the  variance  of  variable  s)  must  lie  on  the 
circumference  of  a  circle  of  radius  '  canler«d  on 
and  om  the  circumference  of  a  circle  of  radius  L 
centered  on  Cy^  Since  two  non- 1  do nt 1 ca 1  circles  Intersect 
at  either  two  or  no  pointa,  there  are  two  possible 
ballaotlnes  when  tbe  three  variables  share  comcon 
variance.  In  one  of  these,  circle  Z  lies  above  the  line  L, 
,  In  tbe  other  it  Ilea  below  it.  Either  figure  wuld  be  an 
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appropriate  ballantlne.  Here  circle  Z  will  always  lie 
below  the  horizontal.  These  relations  ere  shown  in  figure 
4  . 


For  the  sake  of  completion  two  degenerate  cases  oust 
be  nentioned.  t,  then  circles  X  and  Z  are 

identical  (  L  ^  *  0),  and  siailarly  Tor  X  and  Z  and  T  and 
Z.  IT  s  0,  then  L  ^ZR,  so  that  circles  X  and  Y  du 

not  overlap.  By  convention  the  relation  ~  ^ R  be 

used,  so  that  the  circles  for  variables  that  do  not  share 
coamon  variance  will  lie  next  to  each  other  without 
overlappl ng. 


Figure  * 


Ullaxu 

An  algorithm  Tor  determining  the  length  of  will 

now  be  presented.  The  identical  algorithm,  with  a  change 
of  variable  names,  applies  to  and  L  .  Developing  the 

algorithm  is  basically  an  exmrclae  In  high  school 
trl gonocetry . 
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The  algorithm  will  be  described  by  referring  to  the 
lines  and  angles  shown  in  Figure  3.  Consider  the  segment 
bound  by  line  /i3  and  arc  b  .  This  has  area  1 /2  A,  where 
A  is  the  area  of  overlap.  The  value  of  A  is  defined  by 

(2)  1/2  A  «  1/2  R  *  lo{~Stn(o<,  ))  (Burington, 

1  9*18  ) . 


where  c*.  Is  Measured  by  radians. 

For  a  'standard'  circle,  with  Bsl,  equation  (1)  may 
be  Substituted  Into  (2).  Then,  simplifying. 


7T  -  3^- s>'»  (<x^). 
j 


Holm  that  if  ^  r  is  1  has  the  value  ot^T  (  1  n 
J 

radians).  At  this  point  the  two  circles  will  be 

a 

identical.  At  the  other  exlrene,  i  f  4  is  :ero^ 


=  0 


This  establishes  lialts  on 


Equation  (3)  defines^  laplicitly,  as  a 


transcendental  function  of  /t 


The  value  of  for¬ 


given  value  of  say  be  approximated  to  any  desired 

degree  of  accuracy.  The  existence  of  a  unique  solution  is 
ensured  by  the  fact  that  the  quantity  ( 

increases  monotonl sally  from  0  lo^T  throughout  the  rur.ge 
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of  tA  .  (The  first  derivative,  1  -  cos  is 

non-negative  for  o£  dkl  7?0  .  Once  is  found,  the  value 
of  R  can  be  calculated  directly.  By  Inspection  of  Figure 
3  ■ 


=  X  R  -Xh. 


However 


(5)  R-h  s  R  •  (cos  (c 2.  )) 

Substituting  ,  and  letting  R  z  1  to  establish  a  scale. 


(6)  L„  ^  :  2(  cos  (  (A  /  J.  )>• 

Therefore  tho  problee  is  solved  if  can  be  determined. 
This  can  be  done  by  finding  the  value  of «A  that  satisfies 
<  3)  • 


The  computation  ofe<  for  a  given  A  n ^  is  generally 
not  feasible  without  a  computer.  Appendix  ’  Is  a  PASCAL 
program  that  executes  the  appropriate  algorithm.  It 
computes  circle  positions  given  the  correlations  lor  a  two 

or  three  variable  problea.  Tho  heart  of  the  program  is  the 

2 

procedure  CQH VERGE  .  For  any  value  of  \  ,  converge 
calculates  A.  by  successive  a  p  pr  o  x  1  r  a  t  i  o  n  s  until  A  Is 
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within  .0001  radians  of  its  true  value.  The  value  of  L 
is  then  computed  by  using  equation  (6). 


It  would  be  tedious  to  recompute  the  relatione  for 
every  new  case  of  a  bivariate  relation.  Table  J  presents 
values  of  L/(y/R  for  and  ranging  from  .00  to  1.00  in 

steps  of  .01.  If  a  ballantine  is  to  be  drawn  by  hand 
Table  1  can  be  used  to  determine  the  radii  of  the  circles 
to  be  used  in  the  construction. 

If  the  ballantines  are  to  be  drawn  by  computer 
graphics,  let  Cx  be  located  at  point  (Xjj  ,  Y  X  )  in  a 
Cartesian  Co-ordinate  system.  A  convenient  position  for 

y  '  Yy  )  ,  s 


(7)  X  , 


xx  Lxy 


Locating  C^is  slightly  more  complex.  As  Figure  shows, 
the  three  points  C^  ,  Cj  ,  and  C^  define  a  triangle  with 
sides  ,  and  L  y  .  Let^  be  the  interior  angle 

of  the  trlangleA  C^  C  Ct  at  point  C^  .For  ease  of 
notation,  let 


(8)  a 
b 


9* 
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a  nd 


s  =  1/2  (a*b+c) 

(9)  V  =  ((a-a)  (s-b)  (a-c)/a) 
Angle  •  obeys  the  relation 


(10)  0  =  2  •  arctan  (v/a-a)).  (Burlngton,  1 9  ^  8  , 

Pg.  20). 

The  co-ordinates  of  the  two  possible  points 

for  are 


(11a)  X£  = 

X* 

■f 

cos 

(  &  )  *  b 

and  “ 

4. 

Cos 

(0)  *  L 

(11b)  Yz  = 

♦ 

sin 

(6  )  •  b 

= 

YX 

sin 

(©  )  •  L 

The  program  In  Appendix  1  has  an  option  which  locates 
all  circles  relative  to  =  (0,0)  using  the  scale  R  = 

1,  or,  as  an  option,  the  user  may  specify  the  desired 
scale  and  origin.  The  program  then  locates  the  ballantlne 
on  the  user's  co-ordinate  system. 
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Figure  1:  A  ballantine  representing  the  correlations 
between  an  auditory  detection  task,  a  visual  detection 
task,  and  a  test  of  arithmetic  skill. 

Figure  2:  A  correlation  indicated  by  an  overlap 

between  two  circles.  For  the  representation  to  be  exact 

the  proportion  of  the  area  of  each  circle  that  falls  in 

2. 

region  A  should  be  equal  to  r 

Figure  3:  The  geometric  relations  used  tb  construct 
an  appropriate  bailantine.  AnglepCis  implicitly  defined 
by  r  Angle  in  turn,  determines  the  length  of  line  L 


Figure  i| :  The  three  lines  between  the  centers  of  the 
circles  define  one  of  two  possible  triangles,  with  Circle 
Z  either  above  or  below  line  Lyj  •  By  solving  for  the 
Interior  angle  B  at  the  center  of  circle  X,  and  given  , 

the  position  of  Circle  Z  Is  determined  relative  to  X  and 
the  position  of  Circle  X. 
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program  bal  lent  if>*<  input  .output )  i 

<  Locate*  circle*  *o  that  overlap  i*  rA2  o 4  area  of  each  circle  > 

const  pi  ■  3.141 39263| 

var  cx,  cy,  radius  ireali  com  char; 

function  a2*r qq (const*  p 1 , p2l real  4 > i  real4;  extern; 

(  IBM  arc tan  function  ) 

function  converge (rtreal > :real i 

(compute*  value  of  angle  theta  ,  and  then 
uses  theta  to  compute  the  distance  between  circle  centers. 

Input  is  r ' I' . 

Ojtput  is  c iterance  between  center*,  assuming  radius  of  1  ) 

var  high, low,  alpha,  old,  delta,  q,  z  i  reals 

begin  <  converge  ) 

if  r  »  1.0  then  converge  i *  0.0  f  Identical  circles  >  els* 
if  r  <■  0.0  then  converge  i-  2.0  (no  Intersection  )  els* 


begin  <  Intersecting  circles,  compute  overlap  > 

low  : »  0}  high  »■  pij  <  angle  theta  fro*  0  to  pi  in  radians  ) 
q  i*  r  I  pl|  <  sector  area  of  overlap  > 

old  » *  0;  alpha  i «  pl/2.0|  <  90  degrees,  initial  guess  for  angl 


repeat  (  converge  loop  > 
z  :«  alpha  -sin(alpha>| 

if  2  ■  q  then  delta  i •  0.0  (exact  match)  else 
(coaputt  adjusteent  > 
begin 

old  i*  alpha] 

if  i  >  q  then  (  decrease  alpha  ) 
begin 

alpha  i ■  alpha  -  (alpha-low) /2. 0; 
high  i *  old] 


eise  <  incr 


alpha  ) 


begi  n 


alpha  l  =*  alpha  ♦  (hi  gh-alpha) /2.  Oj 
low  Is  old] 


delta  :■  abs <ol d-al pha) |  (size  of  adjustment  ) 
end]  {  of  adjusteent  ) 

until  delta  <0.0001|  (  converge  to  thousandth  of  a  radian  ; 

<  compute  the  distance  between  circles  ) 


W-  ?• 


alpha  :=*  alpha/2. 0| 
converge  s ■  2.0  *  cos(slpha)) 
end |  (  overlap  computed  ) 
end|  (  converge  function  ) 

procedure  graphpare <var  c«,cy, radius  treal>j 

(Computes  the  scale  and  translation  factors  for  a  real  graph  ) 

begin 

writeln  (‘Your  graph  is  assumed  to  have  0,0  at  the  lower  left’) 
wrtteln  Center  maximua  value  of  x  and  y  as  Integers  ’)j 
read In (cx , cy ) f 
cx  ««  cx/2-Oi  cy  1 ■  cy/2.0| 
if  cx  <  cy  then  radius  »»0.90  ■  cx/2.0 
else  radius  1-  0.9  t  cy/2.0| 
end |  (  Graphpars  ) 

Procedure  t woe ircles(cxlcytradiusireal ) \ 

var  r,c,l,2,x  treal; 

begin  {  twocirdes  ) 

writeln  CWhat  is  the  value  of  the  correlation  ?'  )  | 
readln(r)j  r  «■  r  »  r  | 

1  :=  ronvergelr)  •  radius  | 


| 

I 

,\ 

/  * 

h 

r 

i 


t. 


wri tel n <’ Di stance  between  circles  is  ’,1i10i4)j 
x  c=  cx-1/2.0;  2  i*  c»  ♦  1/2. 0; 

writeln<  ’Circle  X  at  point  ’,xi7i2,’  ’,cyi7t2); 
writeln<  ’Circle  Y  at  point  ’,zi7i2,’  ’,cyi7j2>| 
writeln(’  Radius  ■»  ’ , radi usi lOi 4) ; 
end;  <  twocircles  3 

Procedure  threecircles (cx , cy, radi usi real ) ; 

const  x  =  lj  y  =  2j  z  ■  3|  <  used  ♦or  names  of  circle  > 
var  rxy,  rxz,  ryz,  lxy,  lxr,  lyz  ireal  ;  {  Same  names  as  in  paper  > 
cc  i  array  Cl. .3,1. .23  of  real;  {  centers  of  circles  > 
a,b,  c,  s,  theta,  v  i  real;  C  Auxilary  variables  named  in  paper  > 
xx,  dx,  dy  i  real;  <  scratch  variables  for  computing  > 

begin  <  procedure  threecircles  > 

{get  needed  values  3 

writeln  (’Values  of  correlations  rxy,  rxz,  ryz  (real  )  ’); 
readln  (rxy, rxz, ryz) ; 

rxy  :■  rxy  *  rxy;  rxz  i=  rxz  *  rxz|  ryz  :=  ryz  *  ryz; 

{  calculate  intercircle  distances  3 
lxy  i»  converge (rxy) | 
lxz  s=  converge (rxz ) ; 
lyz  converge (ryz ) ; 


>  v  r>s  ,  *  v  i._.  - 


■  .  TTryvjv- Tv'v-^'Vv7/  jV?/.--  /  .■ 


{  convert  to  auxilary  notation  to  conform  to  the  text  > 
a  1 yz |  b  i-  lxy»  c  i-  lxzi 
s  (a  +  b  +  c)/2.0j 
v  :»  (»-a>  *  <a-b)  *  (s-c>  /  s; 
v  :=  sqrt<v)j  xx  « *  s-a; 

<  calculate  value  of  interior  angle  theta  at  center  of  circle  >:  and  then 
determine  the  distance  center  of  z  falls  below  the  x-y  centerline.  > 
theta  s=  2  *  a2srqq(v,xx ) |  {  IBM  terminology  for  arctan  } 
dy  :=  sin(theta)  $  lxzj  dx  i»  cos(theta)  *  lxzj 
idetermine  center  points, converting  to  actual  graph  > 
cctx,x3  s=  cx  -  (lxy/2.0)  *  radius) 
fx-y  symmetric  re  vertical  axis! 

cctx, y3  j»>  cy  +  <dy/2.0>  *  radius; 

<  x-z  symmetric  re  horizontal  axis} 

ccty, x3  j*»  cx  +  <lxy/2.0)  *  radius; 
ccCy.yl  s=  cctx,y3| 

ccCz,x3  ;=»  ccCx,x3  +  dx  *  radius) 

cctz, yl  s=  ccCx,y3  -  dy  *  radius; 

(print  results  } 

writeln  (’Ballantine  for  rxy  =  ’ , sqrt (rxy> : 5» 3, 

’  rxz=  ' , sqrt (rxz ) i 5: 3, ’  ryz  ’ , sqr t (ryz ) : 5s 3) j 

writeln; 

writeln  (’circle  X  Y’ ) ; 

writeln  (’  X  ’ , cc Ex , x 3 i 7i 2, ’  ’ , cctx , y 3 j 7: 2) ; 
writeln  <’  Y  ’ , cc Cy, x 3 : 7: 2, ’  ’ , ccCy , y 3 i 7i 2) ) 


0\ 


wr l t«ln  ('  l  • , cctz,K J»7i2, '  * , cc t z , y  1  l 7 » 2) | 
wr j tain; 

writeln  (*  All  radii  “  ' .radiusi 7i 1 > ; 


VV 

i’  >  '3R.V 

**  y  w- 


and;  <  01  threecircle  procedure  J 


begin  <  main  program  > 

write  (’  la  a  real  <rl  or  abstract  (a)  graph  to  be  positioned  ’  )| 

r  eadl  nlcoa)  | 


O  ■>  . 

$  '■ 

W 

5/  "  . . 

■V. 


if  com  -  ’r’  then  gr«phpar((cx,cy,ridlui)  else 
begin 

writeln  (’Abstract  graph  centered  at  0,0  with  radius  =1 
cx  i“  O;  cy  i-  0;  radius  l ■  1.0; 


writeC  Is  a  two  (2)  or  three  (3)  variable  problem  to  be  computed"'  ')■, 
readln (com) ; 

if  coa  *  ’2'  then  twoc  \  r  c  1  es<c*  ,  cy,  r  ad  1  us  >  else 
if  com  “  ’3’  then  thr eec i rt 1 es (cx , cy , r adi  us ) 
else  writeln  (’undefined  problem’ >j 
end.  <0f  main  program  > 


Table  1 


r 


0.00 

0.01 

0.02 

0.03 

0.04 

0.05 

0.06 

0.07 

0.08 

0.09 

0.  00 

2.00 

1.92 

1.87 

1.83 

1.79 

1.76 

1.72 

1.69 

1.67 

1 . 64 

0.  10 

1.61 

1.S8 

1.36 

1.33 

1.31 

1.49 

1.46 

1.44 

1.42 

1 . 40 

0.20 

1.37 

1.33 

1.33 

1.31 

1.29 

1.27 

t  .23 

1.23 

1.21 

1  .  19 

0.30 

1.17 

1.13 

1.13 

1.11 

1.09 

1.08 

1.06 

1.04 

1.02 

1.00 

0.40 

0.98 

0-.97 

0.95 

0.93 

0.91 

0.09 

0.B8 

O.B6 

0.04 

0.83 

0.50 

0.81 

0.  79 

0.77 

0.76 

0.74 

0.72 

0.71 

0.69 

0.67 

0.66 

0.60 

0.64 

0.62 

0.61 

0.39 

0.37 

0.56 

0.34 

0.32 

0.31 

0.  49 

0.70 

0.48 

0.46 

0.44 

0.43 

0.41 

0.40 

0.38 

0.36 

O.  35 

0.33 

0.80 

0.32 

0.30 

0.28 
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